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1 Context

Many advanced fluid dynamics models feature dispersive equations or non-local parabolic equations. This is particularly
the case for wave propagation models in coastal environments, such as the Boussinesq model [7] or advanced models for
groundwater dynamics [6, 13]. The numerical resolution of dispersive or non-local models remains a significant scientific
challenge. Most dispersive models derived as approximations to water wave models can be expressed as hyperbolic
systems, where the solution is sought within a linear subspace of a weighted L? space. This is achieved using a Helmholtz-
type decomposition, similar to approaches used in incompressible flows [11]. We refer to this mathematical framework
as the projection structure.

Several studies have leveraged this structure, demonstrating its advantages in terms of robustness and computational
efficiency. For instance, [10] introduced an entropy-satisfying numerical scheme, while [9] proposed a robust strategy for
handling dry fronts or for imposing conditions on water depth, discharge, or pressure at boundaries. Furthermore, [12]
presented a general framework for coupling dispersive models, preserving both the projection structure and robustness
properties.

Despite these advancements, the primary obstacle to applying dispersive models to large-scale problems lies in their
computational cost. The goal of this project is to design efficient numerical schemes that exploit the projection structure
to overcome this limitation.

2 Purpose of the thesis

The project we propose can be summarized in three main objectives. The first two are independent but complementary,
focusing on distinct strategies to accelerate the numerical resolution process. These methods will initially be tested on the
KdV/BBM model [1], which is the simplest model exhibiting the projection structure. The final objective is to apply the
most effective methods identified to more realistic dispersive models.

In the context of a projected hyperbolic formulation, the KdV/BBM model is expressed as follows
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The prediction/correction schemes appear particularly well-suited for projected hyperbolic models. These schemes
consist of two steps: an explicit prediction followed by an implicit projection. For first-order schemes, the explicit
prediction is given by
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and the implicit projection is defined as
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2.1 High-order prediction/correction schemes

Building on the literature for incompressible equations [5], projection methods offer a promising framework for devel-
oping high-order time schemes. These methods incorporate sub-time steps and include an explicit estimation of the
dispersive source term W' in the prediction step (1). The implicit projection (2), which is the most computationally
expensive step, is performed only at the end of each time step.

The main challenge lies in achieving high-order spatial discretization (greater than 2) for both the subspace of admis-
sible functions and the scalar product required for the projection. Two potential approaches can address this challenge:
WENO Finite Volume Methods: This approach has the potential to produce high-order methods with a minimal number
of degrees of freedom. However, it leads to linear systems with large stencils, which increase computational complexity.
Discontinuous Galerkin Discretization: This method involves a greater number of discretization points per cell but
allows the projection step to be resolved locally within each cell for almost all degrees of freedom. This locality can
simplify the computational process and enhance parallelization.
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A second well-established strategy involves pseudo-compressible schemes, where the projection step is approx-
imated by solving the time-asymptotic solution of a hyperbolic problem. The efficiency of this hyperbolic (pseudo-
compressible) relaxation can be improved by fine-tuning the relaxation coefficients [8]. Additionally, we propose imple-
menting a local detection strategy to limit computations to regions where the fictitious stationary regime has not yet been
achieved, further reducing unnecessary computational overhead.

2.2 Adaptive numerical scheme based on an a priori estimator

Another approach to reducing the computational cost of the numerical strategy is to perform the projection step (2)
only where and when it is necessary. To achieve this, we propose estimating regions where the predicted solution U*
significantly deviates from satisfying the constraint, using the spatial estimator ¢ := £ (U*). Where and when the
estimator ¢ is smaller than a predefined tolerance, the solution is considered acceptable, and the projection step can be
skipped.

However, since the projection step (2) is inherently non-local, its influence extends beyond the subdomain where ¢
exceeds the tolerance. To address this, we propose enlarging the projection subdomain by employing a thick interface
coupling strategy [12]. In this approach, the parameters defining the interface thickness are dynamically determined using
the estimator €, ensuring a smooth transition and maintaining the robustness of the numerical scheme.

2.3 Application to Boussinesq-type models

The final goal of this project is to extend the proposed methods to more realistic approximate water wave models. Specifi-
cally, we aim to apply them to the fully nonlinear and weakly dispersive Green-Naghdi model [4] and the weakly nonlinear
and weakly dispersive Peregrine model [14]. Additionally, more complex models incorporating a vertical profile of hor-
izontal velocity [2, 3] are also potential candidates for investigation. These advanced models exhibit a slightly more
intricate projection structure.

To keep it simple, the Green-Naghdi model on flat bottom can be written as
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Here, the constraint £}, (U) and the scalar product (U, ¥), depend on the evolving unknown h, adding a layer of com-
plexity to the projection structure. The previously proposed strategies can be adapted to these models. However, special
attention must be given to the discretization of the evolving variable h to ensure that the scheme maintains its high-order
accuracy.

3 [Essentials for success

* Good knowledge of classical numerical methods, particularly for hyperbolic equations and/or incompressible equa-
tions.

* Solid knowledge on C++, fortran or python language, software version control with Git and software design.

* Basic knowledge of the analysis of partial differential equations, in particular linear space, hyperbolic equations
and/or incompressible equations.

¢ An interest in environmental issues, mathematical formalism and numerical simulations.
* Good ability to write scientific reports.

* Language: English (spoken, written and read).
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